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Abstract 
Considered article is devoted to determining the influence of deformations, caused by hydrodynamic flow reaction, 
on the stability of clamped cantilever plate. Flow displacement, which defines the influence of the bottom canal wall, 
is imposed on the pressured flow. Results based on the use of Lagrange variational method, provided qualitative and 
quantitative conclusions about the effect of various factors on the stability of panel. 
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1. Introduction 
One of the key factors, which have influence on the rotor dynamics, are slot packing. For the reason 
that curvature of the surfaces, which form short ring packing, is small in comparison with their radius, 
they can be unrolled on plane. Therefore  clamped cantilever wall of plane canal, which inner side is 
streamlined  by  the viscous fluid flow (figure 1), can be used as roughcast. 
Consideration of elastic deformations of chosen model has great practical importance, because in the 
case of slot packing the small divergence of parameters could lead to inadmissible vibration of pump. 
Consideration of the influence of elastic pliancy leads to problem hydroelasticity [1]. 
The stability of chosen model only under the influence of the flow head was considered in the article 
[2]. The influence of plate deformations on self-exciting oscillations by superposition flow displacement 
on pressured flow is taken into account in the article. 
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Exposition of method and calculation  
The case of rectangular plate streamlined by viscous incompressible fluid flow, which directs 
perpendicularly to clamped side, is considered in present article. 
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Fig. 1. Flow panel of finite length: 1-flexiable pliant wall; 2- rigid wall; 3- flow direct 
Exact method of solving problem using the equation of plate oscillation is quite restricted, because it 
allows to solve only simple problems. For complicated problems investigating equation is very bulky. 
From this point of view of approximate methods of solving problems are of interest, preeminently 
variational method of Lagrange [3].  
Variational methods are based on so-called principle of virtual displacements. In order to system is in 
equilibrium, it is necessary and sufficient that sum of elementary works of all forces applied to it in any 
possible displacement  equals to zero. 
įȺ=įɉ or į(Ⱥ - ɉ)=0, (1)
where: δ  - variation; Ⱥ – works of all external forces; ɉ – potential energy of deformation. 
Variational method of Lagrange can be applied to thin plates, using technical theory of thin elastic 
plates. 
Works of external forces 
s
A qwds= ³³  or 
s
A q wdsδ δ= ³³ (2)
Analysis of viscous medium flow under the action of the axial pressure drop is presented in known 
monograph by Martsinkovsky V.A. [4]. 
The pressure of head flow and flow displacement are identified by expressions taking into account 
designation accepted there: 
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where: 10p  - pressure at entry of canal, pΔ  - axial pressure drop, 2
x
x
l
=
 - dimensionless coordinate 
along the axis of canal, α  - current dependence on time conicity, caused by divergence plate from 
unperturbed state, μ  - dynamic coefficient of viscosity, l  - length of plate, H  - medium clearance ɚnd 
0Λ  is determined by expression 
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, ɋ and n – constants in Blasius 
formula, 0ρ  - medium density. Since canal with small conicity and small oscillation are considered, so 
expression for α looks like this: 
0(1 ) ,wα θ θ= + +
(3) 
where: w
x
θ ∂=
∂
 - conicity parameter in section; 0θ  - initial conicity parameter.
Forces of the flow head pressure pf  taking into account (3) and displacement flow df , acting on unit 
width element of canal wall, are determined in the following way: 
0 0 0( ) ,p p p p pf f k f kθ ε θ θ= + + ≈ + d d d 0
2f k w k ,
5
θ θ= + 
where  
2p
plk Δ= and 
3
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2 -12d
lk
H
μ Λ
= force coefficients [4]. 
The summand p0f is not taken into account, because it does not influence on stability of canal wall, but 
moves its equilibrium position. Then hydrodynamic pressure, which acts on the plate, is identified by 
expression: 
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Work of external forces and potential energy deformation: 
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We will look for the plate displacement in the following form:  
where coordinate functions iϕ  meet terms, which do not contradict kinetically virtual plate 
displacements. 
Expressions (4) and (5) are replaced into equation (2) taking into account (6). Then, taking into 
account that  
1 1
,
n m
t
i j j
j jj
w
w eωδ δα ϕ δα
α
= =
∂
= =
∂¦ ¦
As well as analogous relation for variations of derivative in expression įɉ, the coefficients of identical 
jδα  are collected. By virtue of arbitrariness jδα expression (2) equal to zero only if coefficients of all 
jδα equal to zero simultaniusly. It leads to homogeneous algebraic combined equations in the unknown 
parameters jδα . The nontrivial solution condition of derived system, skipping some transformations, can 
be written as: 
11 11 11 1 12 12 12 2 1 1 1
1 1 1 1 2 2 2 2
( ) ( ) ... ( ) 0
...
( ) ( ) ... ( ) 0
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(7) 
where: 
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θφ ω§ ·= +¨ ¸© ¹ ; ,ikτ ikf  and ikπ  for rectangular plate 
are defined by expressions, 
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Thereby the problem of oscillation and stability of nonperturbed plate shape is turned into finding and 
investigating eigenvalue Ψ of system matrix (7) depending on flow parameters φ . The eigenvalue Ψ at 
some values φ can appear negative or complex number. In the first case, the plate, which movement is 
determined by equality (6), will nonperiodic diverge from unperturbed state (divergence). In the second 
case (Im 0)Ψ ≠  real component Ȧ can appear positive, that corresponds to vibration of plate with 
unlimited increasing amplitude in time (flutter). The least value of φ , under which one of the above cases 
occurs, identifies stability limit and is named critical. 
To find eigenvalues system its determinant (7) should be set equal to zero. Expanding the determinant, 
we will get the equation which relates eigenvalues and system parameters: 
( ,  ) 0.φΔ Ψ =
1
( , , ) ( , ) ,
n
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i i
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w x y t x y eωα ϕ
=
=¦ (6) 
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To satisfy kinematic conditions coordinate functions are chosen in following form 
4 4 1( ( 1) 1) .ii y y y xϕ += − + +
The function graph ( )φΨ = Ψ , which is plotted for n=5 for rectangular plate with ratio of sides 
0.5;1; ,b
l
= ∞
 is presented in figure 2.
As a result of that the system is reduced to the same form as in [2], received graph is analogous to the 
shape. 
Analyzes of received graph allows to make the conclusion that the eigenvalue-vs-flow parameters 
curves are close to various plate lengths. Also it should be mentioned, that the length increasing leads to 
decreasing of stability range. 
Divergence occurs in case, when Ψ =0 at φ = -6.33. Results agree with results submitted in article [2] 
without taking into account the displacement flow. 
The flutter of the infinite plate when the flow is directed from free edge to clamped occurs at φ =-162. 
For opposite direction - at φ =135.  
Fig. 2. Plot of the eigenvalues of the flow parameters 
As result of substitution of determining power coefficients pk  and dk  the equation was obtained:  
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Critical pressure drop at dynamic stability loss panel of infinite length was determined for various flow 
regime. 
- laminar flow, n 1= , C 96= . 
1) Flow direction from free edge to clamped (figure 1)
2
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2) Flow direction from clamped edge to free  
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- self-similar region of turbulent flow, n 0= , C 0,04≈ . 
Critical pressure drop is determined by the following formulas depending on direct of flow: 
1) Flow direction from free edge to clamped 
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2) Flow direction from clamped edge to free  
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2.Conclusions 
The variational method of Lagrange was used in determining the influence of strain caused by axial 
pressure drop on the stability of cantilever clamped plate. As result of solving the problem graphical 
dependence of eigenvalues of flow parameters for plates with various aspect ratios was plotted. Chart 
analysis led to conclusion that length of plate affects insignificantly on the rate of curves determining 
stability boundary. 
Also expressions of critical drop pressure of incompressible fluid flow causing occurrence of 
cantilever clamped panel flutter was obtained. Since stability range diminishes with the increasing of 
plate length, so received expressions can be used for finite length plate, taking into account that critical 
drop pressure is taken with some margin. According to formulas (8)-(11), critical drop pressure depends 
on sign of initial conicity thus the displacement flow could reduce or expend the stability range of model. 
The initial confused reduces pressure value, which determines flutter occurrence. The initial cone 
increases the value of critical drop respectively. 
The dependence of critical pressure drop on bending stiffness is determined for laminar and turbulent 
flow. For laminar flow this dependence is linear, and for turbulent – power dependence in order 0,25D
.
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